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The article suggests a method for the construction of the number of atoms preserving microscopic
He II theory. The suggested theory can provide the ground state wave function (WF) as an expansion
in series by small parameters. In addition, errors in the definition of the WFs of the excited states
turn out to be vanishingly small while the system size increases. Predictions of the proposed theory
and of the Bogoliubov theory are identical if helium occupies a simply connected volume. However,
there are differences in the general case. These differences are due to the fact that the operator
of the occupation number of the zero momentum state does not commute with the creation and
annihilation operators of phonons. This contradicts the Bogoliubov assumption that the creation
and annihilation operators of atoms in the zero momentum state can be replaced by a c-number.
The latter, as is known, should commute with any operator. This should lead to a difference in the
results of calculation of helium flow through the tunnel transition. Therefore, the suggested theory
is not equivalent to Bogoliubov theory.
PACS numbers: 67.85.Hj, 67.85.Jk
I. INTRODUCTION
In 1947 Bogoliubov suggested a microscopic description of He II [1] based on the Hamiltonian of two-particle
interatomic interaction:
Hˆ =
∑
q
tqa
+
q aq +
∑
p,k,q
Vq
2Ω
a+p+qa
+
k−qakap, (1)
where a+p and ap are the creation and annihilation operators for He
4 atoms with momentum p, and Ω is the system
volume.
The main idea of the calculation procedure suggested in this paper is the selection of the two-particle interaction
terms in the Hamiltonian ∼ a+0 a0, a+0 a+0 , a0a0 in order to consider the truncated Hamiltonian
Hˆtrunc =
∑
q>0
hˆq, (2)
while
hˆq = tqa
+
q aq +
Vq
2Ωa
+
q a
+
−qa0a0 +
Vq
2Ωa
+
0 a
+
0 aqa−q +
Vq
Ω a
+
0 a
+
q aqa0. (3)
Hereinafter we will not consider the terms ∼ V0, because they only add a constant to the energy of the system with
a fixed number of particles.
Accounting for these terms only (3) in order to calculate the physical parameters of the system is not in doubt,
because the condensation of a macroscopic number of atoms in a state with zero momentum results in the fact that
the transition matrix elements corresponding to the selected terms are far superior in magnitude to the rest of the
matrix elements.
However, for the diagonalization procedure Bogoliubov replaced operators a+0 and a0 with so-called c-numbers. As
a result, the truncated Hamiltonian, in contrast to the initial one, no longer keeps the number of particles in the
system, which means the breach of the U(1) symmetry of the system. This state of affairs will always be a concern
in the scientific community [2], because it is well known that the c-number hypothesis is still unproven [3].
Previously, attempts were made to construct a microscopic He II theory without breaking the U(1) symmetry [4, 5],
such as the theory presented in this work. They all used the creation and annihilation operators of phonons, which
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2can be represented as follows (cf. (14)):
ϕ+q = uqa
+
q a0γq + vqγqa
+
0 a−q,
ϕq = uqγqa
+
0 aq + vqa
+
−qa0γq,
(4)
where
uq =
ωq + tq
2
√
tqωq
,
vq =
ωq − tq
2
√
tqωq
(5)
with
ωq =
√
tq (tq + 2VqN/Ω). (6)
Parameters uq and vq coincide with parameters of u− v Bogoliubov’s transformation.
In paper [5] γq were numerical values, but in paper [4] γq were an operator:
γq =
1√
Nˆ
, (7)
where Nˆ is the operator of the total number of atoms in the system.
Both definitions led to distortion of bosonic operators (4), which resulted in a lack of precision in calculating the
WFs of the ground and excited states of Hamiltonian Hˆtrunc. As a consequence, the authors [4] had to introduce small
parameters irrelevant to the problem resulting in further restrictions to the form of the WF of the system ground
state:
N − 〈nˆ0〉0 ≪ N, (8)
where N is the number of atoms in the system, nˆp = a
+
p ap and 〈...〉0 denotes averaging over the vacuum state of the
phonon system Φ0, which satisfies conditions
ϕqΦ0 = 0. (9)
The other author [5] tried to avoid these limitations by specifying numerically the WFs of the ground and excited
states of the system with the use of an approximation close to Φ
(1)
0 (see (11)) for the ground state. This attempt
was not successful, as expected. In particular, the author obtained a gap in the phonon spectrum, which is contrary
to the Goldstone theorem [6].
This article suggests a new definition of the creation and annihilation operators of phonons (14), which allows, on
one hand, presenting the WF of the ground state of the system in the form of expansion in series by small parameters
and, on the other hand, avoiding the loss of accuracy when constructing the wave WFs of multiphonon states due to
distortion of bosonic operators.
II. VACUUM STATE OF THE PHONON SYSTEM
Let us consider the sequence of states Φ
(n)
0 composed by the following rules:
Φ
(−1)
0 = 0,
Φ
(0)
0 =
[a+0 ]
N
√
N !
|0〉 ,
(10)
Φ
(n)
0 = Φ
(n−1)
0 +
1
2
∑
qn>0
Gˆ (qn)
(
Φ
(n−1)
0 − Φ(n−2)0
)
, (11)
where
Gˆ (q) =
∑
2m≤nˆ0
(−g (q))m
[
1√
nˆq
a+q
1√
nˆ−q
a+−q
]m
[a0]
2m
√
(nˆ0 − 2m)!
nˆ0!
, (12)
3g (q) = vq/uq =
ωq − tq
ωq + tq
, (13)
while qi+1 6= ±qi, if i > 0, n 6 N/2. It is easy to show that WFs Φ(n)0 are approximations to the WF of the phonon
vacuum the more accurate the larger the number n is. For this purpose let us first define creation and annihilation
operators of phonons:
ϕ+q = uqa
+
q a0
1√
nˆ0
+
vq√
nˆ0
a+0 a−q,
ϕq =
uq√
nˆ0
a+0 aq + vqa
+
−qa0
1√
nˆ0
.
(14)
Now it is possible to notice that adding terms ∼ Gˆ (qn) into (11) enables compensating WFs ϕq
(
Φ
(n−1)
0 − Φ(n−2)0
)
that results from the calculation of expression ϕqΦ
(n)
0 . Accordingly, ϕqΦ
(n)
0 turns out to be zero with a precision of
∼
n∏
i=1
g (qi) for n > 0.
The structure of WFs Φ
(n)
0 makes it possible to calculate the system parameters as a power series by small parameters
g (q). However, as will be shown below, it is possible to avoid the calculation of complicated expressions associated
with the factorization into small parameters g (q) by transition to operators ϕ+q and ϕq in the system description.
These operators can be now definitely interpreted as creation and annihilation operators of phonons due to their
commutators’ properties.
As a matter of fact, the commutation relations
[
ϕ+k , ϕ
+
q
]
and
[
ϕk, ϕ
+
q
]
are bosonic. This statement should be
understood in the sense that the action of the commutation relations on the superposition of states, each of which
contains at least one atom with zero momentum gives zero for
[
ϕ+k , ϕ
+
q
]
and does not differ from the action of the
corresponding Kronecker delta for
[
ϕk, ϕ
+
q
]
(cf. Appendix A).
On the other hand, it is easy to show that the fraction of states not containing atoms with zero momentum for the
state with Nϕ phonons is ∼
∏
2i≤N−Nϕ
g (qi). It means that for large systems with Nϕ : N −Nϕ ≫ 1 the commutation
relations under consideration become bosonic with any desired accuracy on the order of small parameters g (q): it
is enough to choose a sufficiently large N − Nϕ. This allows determining the orthonormal bases of states with any
desired accuracy on the order of small parameters g (q), if the number of phonons is not too large.
In the future we shall use symbol Φ0 to designate the vacuum state of the phonon system. For the construction
of the above-mentioned bases of states it is essential that relationships (9) be fulfilled with any desired accuracy. On
the other hand, for Φ
(n)
0 these relationships, as noted above, are true with a precision of ∼
n∏
i=1
g (qi). Therefore,
relationships (9) can be fulfilled with any degree of accuracy: it is enough to choose a sufficiently large N .
Thus, the transition to the new creation and annihilation operators of phonons (14) is equivalent to the calculation
of the WFs of the system with any desired accuracy on the order of small parameters g (q), if the number of phonons
in the system Nϕ satisfies relationship N −Nϕ ≫ 1. The possibility of satisfying this relationship in the framework
of the developed theory without any loss of accuracy of the calculated values is very important, specifically, for the
description of its thermodynamic properties.
III. DIAGONALIZATION OF THE FULL HAMILTONIAN OF THE SYSTEM
In systems with very large expectation values of a+0 a0 initial operators a
+
q and aq can be expressed in terms of
operators ϕ+q and ϕq as follows:
a+q =
1√
nˆ0
a+0
(
uqϕ
+
q − vqϕ−q
)
,
aq =
(
uqϕq − vqϕ+−q
)
a0
1√
nˆ0
.
(15)
This definition should be understood in the sense that the action of the parent operators a+q and aq on the state
containing at least one atom with zero momentum does not differ from the action of the operators taken from the rhs
of (15). So, (15) can be used to replace the parent operators with the phonon ones for large systems in case when
4it comes to states with a not very large number of phonons. The reasoning here is a little different from the above
reasoning on commutation relations
[
ϕ+k , ϕ
+
q
]
and
[
ϕk, ϕ
+
q
]
.
However, the operator notation of the Hamiltonian (1) is different from the representation of the Hamiltonian
in the creation and annihilation operators of the so-called bogolons, if the creation and annihilation operators of
the bogolons are replaced with operators ϕ+q and ϕq, respectively, even if one takes into account commutativity of
operators ϕ+q and ϕq with operators
1√
nˆ0
a+0 and a0
1√
nˆ0
(Appendix B). This is due to the absence of a clear procedure
for calculating the c-number in the Bogoliubov theory.
In this connection let us dwell upon the calculation of the phonon spectrum restricting ourselves to a simplest
basis of four states: Φ0, ϕ
+
qΦ0, ϕ
+
−qΦ0 and ϕ
+
qϕ
+
−qΦ0. The matrix elements of the Hamiltonian for the transitions
connecting these states determine the effective Hamiltonian bilinear by the creation and annihilation operators of
phonons. Diagonalization of this Hamiltonian leads to the following expression for the spectrum dispersion:
ω˜q =
√
tq (tq + 2Vq 〈nˆ0〉0 /Ω). (16)
Calculating the above matrix elements became possible, because operator nˆ0 behaves as a number upon affecting Φ0,
if N ≫ 1. Indeed, taking into account that
nˆ0Φ0 =

N −∑
q 6=0
nˆq

Φ0, (17)
nˆ20Φ0 =

N − ∑
q′ 6=0
nq′



N −∑
q 6=0
nq

Φ0 (18)
it is easy to evaluate the operator nˆ0 mean root square deviation from its average value
δn0 =
√
〈nˆ0〉20 − 〈nˆ20〉0 ∼
√
〈nˆ0〉0. (19)
So, δn0/ 〈nˆ0〉0 ∼ 〈nˆ0〉−1/20 . This means that, when 〈nˆ0〉0 ≫ 1 , operator nˆ0 behaves as number 〈nˆ0〉0 upon affecting
vacuum state Φ0, which is in agreement with Bogoliubov c-number hypothesis.
At the same time it is important to note that for the realistic interatomic potential Vq we have 〈nˆ0〉0 ≪ N , which
leads to a considerable difference in the dispersion estimates in the suggested theory and the Bogoliubov approach.
At this point it is important to note that in our reasoning we did not have to impose restrictions of the type (8) on
the WFs (as a rule, these restrictions are used by the authors when considering the He II system [2, 4, 7]). This,
apparently, makes possible the in fact first-principle calculation of the spectrum with a realistic interatomic potential.
Note now that, when we searched the vacuum state of the phonon system, parameters uq and vq in section 2
essentially turned out not to be related to definition (5). For these parameters there is only the requirement related
to the need to fulfill the boson commutation relations:
u2q − v2q = 1. (20)
In such a situation it is advisable to redetermine them:
uq =
ω˜q+tq
2
√
tqω˜q
,
vq =
ω˜q−tq
2
√
tqω˜q
.
(21)
It remains only to determine the value of 〈nˆ0〉0. In order to do this, let us use the formula relating to the conservation
of the number of atoms in the system:
〈nˆ0〉0 +
∑
q 6=0
〈nˆq〉0 = N. (22)
After this, using (15) we have:
〈nˆ0〉0 = N −
∑
q 6=0
v2q. (23)
Equations (16, 21, 23) form a self-consistent system for determining the phonon spectrum. The next important step
in the calculation of the phonon spectrum of the system is the consideration of the trilinear terms of the interaction
Hamiltonian by operators ϕ+q and ϕq. This should be the theme of a separate article.
5IV. DIFFERENCES FROM THE BOGOLIUBOV THEORY
The above approach to the calculation of the phonon spectrum indicated the proximity of the presented theory to
the Bogoliubov theory. However, as will be shown below, there are differences. This can easily be seen by considering,
for example, commutator
[
a+0 a0, ϕ
+
q
]
= −uqa+q a0
1√
nˆ0
+
vq√
nˆ0
a+0 a−q 6= 0. (24)
Obviously, in this case a+0 a0 does not behave as a c-number squared, which contradicts the Bogoliubov theory.
This fact, in particular, results in a difference in the motion equations for the creation and annihilation operators
of phonons in the physically important case when the system interacts with potential µ (t) constant in the space. In
this case the Hamiltonian includes an additional term
Uˆ = µ (t) Nˆ . (25)
Term Uˆ commutes with operator ϕq, in contrast to the annihilation operator of the bogolon
bq = uqaq + vqa
+
−q, (26)
for which we have [
Uˆ , bq
]
= µ (t)
(−uqaq + vqa+−q) 6= 0. (27)
This difference leads to a difference in the motion equations for the annihilation operators of bogolons and operators
ϕq. Thus, parameter uq in the Bogoliubov theory acquires phase factor exp (iθ), and vq, accordingly, acquires factor
exp (−iθ). Besides,
θ˙ = µ (t) . (28)
In the presented theory, however, parameters uq and vq do not acquire phase factors, which leads to a difference in
the results of the consideration of problems related to the Josephson effect.
In this respect let us now consider the following situation. Let us bring into contact two systems of helium with
the use of Hamiltonian
HˆT =
∑
k,q
Tk,qa
+
k bq +H.c. (29)
We assume that the operators corresponding to the momentum k are related to the atoms of the first system, and that
those corresponding to the momentum q are related to the atoms of the second system. For simplicity, we assume
T0,q = Tk,0 = T0,0 = 0 (30)
in order to avoid description of transitions with the participation of atoms with zero momentum in two systems. Let
us note at this point that the Hamiltonian of the type (29) is associated with helium atoms tunneling through solid
membranes. At the same time, the penetration in this case is so small that its experimental study is not possible at
the present time. Researchers use perforated membranes, and it is assumed that in this case the exchange of atoms
between the 2 systems is not described by Hamiltonian (29). From this point of view the consideration presented
below is of purely methodological value in order to compare the results with analogous results in the BCS theory.
Let us apply transformation exp
(
iθNˆ
)
in the space of basis states of one of the systems, that is, let us replace
parameters (uq, vq) with (uq exp (iθ) , vq exp (−iθ)). It would seem that the observed values of the system should not
be changed according to the principles of quantum physics. However, an elementary calculation shows the dependence
on θ, for example, of the second order energy perturbation
E(2) = −
∑
k,q
|Tk,q|2 |ukvq + uqvk|
2
ωk + ωq
(31)
caused by the transition Hamiltonian (29).
6In contrast to independent researchers [8], BCS theory supporters do not see any paradox in the dependence of
E(2) on θ (cf. Eq.(40) and Eq.(3) in [9]). They even use it to calculate the Josephson current (cf. Eq. (10) in [9]).
Using a system of reasoning conventional in the BCS theory, an expression for Josephson flux F can be obtained:
F =
dE(2)
dθ
, (32)
since in the absence of dissipation flow F is correlated to the system energy E by the expression
Fµ (t) dt = Fdθ = dE. (33)
Of course, there is no term (32) in the expression for flow in the theory that is being developed, because there are
no corresponding phase factors in parameters uq and vq. This is just what proves the non-equivalence of this theory
to the Bogoliubov theory. Moreover, the absence of such terms in the presented strict He II theory casts doubt both
on the physical status of expressions for Josephson current in the BCS theory resulting, as well as expression (32),
exclusively due to the breach of the U(1) symmetry, and on the BCS theory itself. At this point it is appropriate to
note that, apparently, the only superconductivity theory which currently explains consistently the Josephson effect [8]
has essentially nothing to do with the basics of the BCS theory. Presumably, the results of the experiment suggested
in paper [11] will help in finding the correct theory of superconductivity.
V. CONCLUSION
In this paper a microscopic foundation of the He II theory preserving the U(1) symmetry of the initial Hamiltonian
was created. If we consider the case of a simply-connected system of helium, the developed theory, apparently, is
equivalent to the Bogoliubov theory, if the latter includes the procedure for calculating the c-number based on the
results of this work. However, in the general case, the suggested theory is not equivalent to the Bogoliubov theory,
because operator a+0 a0 does not commute with the creation and annihilation operators of phonons.
Despite the equivalence of the approaches in the case of simply-connected systems, the obtained results indicate the
need for a major revision of the He II theory as a whole. In fact, the central assumption of this theory is the so-called
two-fluid model, while the density of the normal component ρn and that of the superfluid component ρs being related
to the system density ρ by a naive balance condition ρ = ρn + ρs [12]. Besides, the normal component is associated
with the phonon system. So, the fact that the operator of the total number of atoms commutes with operators ϕ+q
and ϕq directly contradicts this assumption, because mass operator Mˆ ∼ Nˆ .
In this respect the author makes the assumption that the disappearance of superfluidity at the transition point is
due to zeroing of the phonon velocity in the long wave limit rather than to ρn zeroing, as is thought in the presently
recognized He II theory. Obviously, according to the suggested conception the velocity of phonons as quantum
objects is not necessarily associated to the compressibility of helium, at least at temperatures close to the transition
temperature. Calculating the influence of thermally excited phonons on their spectrum considering the phonon-
phonon interaction can ascertain the truth in this matter. For obtaining these fundamental results it is important to
avoid relations of the type (8), so that their reliability would not be in doubt.
The suggested theory makes possible such a calculation. However, in the Bogoliubov theory, even if the calculation
were carried out, its reliability would be in doubt due to lack of proof for the c-numbers hypothesis. In this regard
it may be noted that the conclusion about the necessity of revising the He II theory could probably have been made
on the basis of the Bogoliubov theory. However, the lack of proof for the c-numbers hypothesis made it impossible to
indicate reliably the mismatch of the microscopic and phenomenological parts of the He II theory.
On the other hand, the mass operator in the Bogolyubov theory does not commute with the creation operators of
bogolons. So, the conclusion about the unsatisfactory state of the theory of He II as a whole could be made only on
the basis of a rigorous and objective analysis, which, unfortunately, has not been performed. Apparently, this was also
due to the statement by Bogolyubov himself [1] that his theory is a very crude method of the system examination.
Accordingly, the discrepancies in comparison with the phenomenological theory in such a situation seemed to be quite
acceptable.
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7Appendix A: Calculation of commutators
[
ϕ
+
k , ϕ
+
q
]
and
[
ϕk, ϕ
+
q
]
Direct substitution of (14) into
[
ϕ+k , ϕ
+
q
]
gives
[
ϕ+k , ϕ
+
q
]
= ukuq
[
a+k , a
+
q
]
a0
1√
nˆ0
a0
1√
nˆ0
+ vkvq [a−k, a−q] 1√nˆ0 a
+
0
1√
nˆ0
a+0
+ukvq
(
a+k a−q
1
nˆ0+1
a0a
+
0 − a−qa+k 1nˆ0 a
+
0 a0
)
+ uqvk
(
a−ka+q
1
nˆ0
a+0 a0 − a+q a−k 1nˆ0+1a0a
+
0
)
.
(A1)
Considering the action of operator
[
ϕ+k , ϕ
+
q
]
on the superposition of states |S〉, each of which contains at least one
atom with zero momentum, we have[
ϕ+k , ϕ
+
q
] |S〉 = ukvq [a+k , a−q] |S〉+ uqvk [a−k, a+q ] |S〉 = 0. (A2)
Analogously, for
[
ϕk, ϕ
+
q
]
we have
[
ϕk, ϕ
+
q
]
= ukvq [ak, a−q] 1√nˆ0 a
+
0
1√
nˆ0
a+0 + uqvk
[
a+−k, a
+
q
]
a0
1√
nˆ0
a0
1√
nˆ0
+ukuq
(
aka
+
q
1
nˆ0
a+0 a0 − a+q ak 1nˆ0+1a0a
+
0
)
+
+vkvq
(
a+−ka−q
1
nˆ0+1
a0a
+
0 − a−qa+−k 1nˆ0 a
+
0 a0
)
.
(A3)
Considering the action of operator
[
ϕk, ϕ
+
q
]
on the superposition of states |S〉, each of which contains at least one
atom with zero momentum, we have[
ϕk, ϕ
+
q
] |S〉 = ukuq [ak, a+q ] |S〉+ vkvq [a+−k, a−q] |S〉 = δkq |S〉 , (A4)
where δkq is the 3D Kronecker delta.
Thus, commutators
[
ϕ+k , ϕ
+
q
]
and
[
ϕk, ϕ
+
q
]
are not different from ordinary bosonic commutators in their action on
the superposition of states, each of which contains at least one atom with zero momentum.
Appendix B: Commutativity of operators ϕ+q and ϕq with operators
1√
nˆ0
a
+
0 and a0
1√
nˆ0
For example, let us calculate commutator
[
ϕ+q ,
1√
nˆ0
a+0
]
:
[
ϕ+q ,
1√
nˆ0
a+0
]
= uqa
+
q
[
a0
1√
nˆ0
,
1√
nˆ0
a+0
]
= uqa
+
q
(
1
nˆ0 + 1
a0a
+
0 − 1
)
= 0. (B1)
The commutators
[
ϕ+q , a0
1√
nˆ0
]
,
[
ϕq,
1√
nˆ0
a+0
]
and
[
ϕq, a0
1√
nˆ0
]
can be considered analogously.
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